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Abstract. We construct a three-point compact finite difference scheme on a non-uniform mesh for the time-fractional
Black-Scholes equation. We show that for special graded meshes used in finance, the Tavella-Randall and the quadratic
meshes the numerical solution has a fourth-order accuracy in space. Numerical experiments are discussed.
Introduction
The Black-Scholes-Merton model for option prices is an important model in financial mathematics. Since
its discovery in the early seventies, it has been widely used in practice and has been studied rigorously
using analytical and computational methods. The value of an option, denoted by V , depends on the current
market value of the underlying asset s, and the remaining time t until the option expires: V = V (s, t). The
Black-Scholes equation (BS) is a backward-in-time parabolic equation [1]
LV :=
∂V
∂t
+
1
2
σ2s2
∂2V
∂s2
+ (r − d)s
∂V
∂s
− rV = 0, (1)
where σ is the annual volatility of the asset price, r is the risk-free interest rate, d is the dividend yield
and T is the expiry date (t = 0 means "today"). Due to the complexity of the financial markets, a number
of improvements and modifications to the model have been proposed in order to improve the its accuracy
depending on the state of the market. The change in the option price with time in the fractional model
for option prices is a fractional transmission system. This assumption implies that the total flux rate of the
option price Y (s, t) per unit time from the current time t to the expiry date T and the option price V (s, t)
satisfy ∫ T
t
Y (s, t′)dt′ = sdf−1
∫ T
t
H(t′ − t)[V (s, t′)− V (s, T )]dt′, (2)
where H(t) is the transmission functional and df is the Hausdorff dimension of the fractional transmission
system. As pointed in [13], the essence of (2) is a conservation equation containing an explicit reference to
the history of the diffusion process of the option price on a fractal structure. We further assume that the
diffusion sets are underlying fractals and the transmission function H(t) = AαΓ(1−α)tα , where Aα and α are
constants and α is the transmission exponent. Now, by differentiating (2) with respect to t, we obtain
Y (s, t) = sdf−1
d
dt
∫ T
t
H(t′ − t)[V (s, t′)− V (s, T )]dt′. (3)
On the other hand, from the BS equation, we have
Y (s, t) =
1
2
σ2s2
∂2V
∂s2
+ (r − d)s
∂V
∂s
− rV,
which combined with (3), yields [13]
Aαs
df−1
∂αV
∂tα
+
1
2
σ2s2
∂2V
∂s2
+ (r − d)s
∂V
∂s
− rV = 0, (4)
where ∂
αV
∂tα is the modified Riemann-Liouville derivative defined as
∂αV
∂tα
=
1
Γ(n− α)
∂n
∂tn
∫ T
t
V (s, t′)− V (s, T )
(t′ − t)1+α−n
dt′ for n− 1 ≤ α < n.
When α = 1 and under natural conditions for the function V (s, t) the modified Riemann-Liouville derivative
∂αV
∂tα is equal to the partial derivative
∂V
∂t and
∂αV
∂tα is equal to the Caputo derivative, when 0 < α < 1 [8]
∂αV
∂tα
=
1
Γ(1− α)
∂
∂t
∫ T
t
V (s, t′)− V (s, T )
(t′ − t)α
dt′ =
1
Γ(1− α)
∫ T
t
Vt(s, t
′)
(t′ − t)α
dt′.
Therefore equation (4) transforms to (1) when Aα = df = 1 and α = 1. For consistency with the bench-
mark Black-Scholes model, following [13], we assume that Aα = df = 1. In fact, the compact difference
approximation (9) described below, can be easily extended to other values of Aα and df .
In the last decade, a great deal of effort has been devoted to developing high-order compact schemes,
which utilize the grid nodes directly adjacent to the central nodes. Three-point compact finite-difference
schemes on uniform spacial meshes for the time-fractional advection-diffusion equation are constructed in
[10]. The non-uniform meshes improve the efficiency of the numerical solutions of equation (4), which has
a second order degeneration at s = 0 [5, 7, 6, 2]. The goal of the present paper is to construct a high-
order three-point compact finite-difference scheme for the time-fractional Black-Scholes (TFBS) equation
(6) and the time-fractional Black-Scholes equation (7) in diffusion form (TFBSD) on a spacial non-uniform
mesh. The outline of the paper is as follows. In section 2, we introduce and analyze a fourth-order compact
approximation (5) for the second derivative on a non-uniform mesh. In section 3 we use approximation (5)
to construct a compact finite-difference scheme for the TFBSD equation on special non-uniform meshes used
in finance and we present the results of the numerical experiments for test examples.
Compact approximation on a non-uniform mesh
Non-uniform grids are frequently used for numerical solution of differential equations, especially for equations
with singular solutions, in order to improve the accuracy of the numerical method. The most commonly used
grid in finance is the Tavella-Randall grid, which resolves the effect of the singularity of the initial condition
of the BS equation at the striking price s = K. Let ϕ(x) be an increasing function on the interval [0, 1] with
values ϕ(0) = s− and ϕ(1) = s+. Denote by MN = {xn = nh}
N
n=0 the uniform net on the interval [0, 1],
where h = 1/N and N is a positive integer. We use the function ϕ to define non-uniform meshes MNϕ on
the interval [s−, s+] by
MNϕ = {sn = ϕ(xn)|n = 0, 1, · · · , N} .
The meshMNϕ has non-uniform mesh steps hn = sn+1−sn. When the function ϕ is a differentiable function
with a bounded first derivative we determine a bound on the mesh steps, using the mean value theorem
hn = sn+1 − sn = ϕ(xn+1)− ϕ(xn) = hϕ
′(yn),
where yn ∈ (xn, xn+1). The maximal length of the subintervals of the meshM
N
ϕ is bounded by the maximal
value of the first derivative of the function ϕ
hn ≤
(
max
x∈[0,1]
ϕ′(x)
)
h.
Non-Uniform Grids in Finance
The Black-Scholes equation is an important equation for practical applications and its numerical and ana-
lytical solution is an active research topic. The computation of the numerical solution of the BS equation
is an interesting problem because of the singularities of the equation and its non-smooth initial condition.
Non-uniform grids for numerical solution of the BS equation are used [5, 7, 6, 2, 4], in order to overcome the
deficiencies of the numerical solutions at the points s = 0 and s = K. In this paper we discuss a fourth-order
accurate three-point compact difference approximation for the TFBSD equation on the Tavella-Randall and
the quadratic non-uniform grids.
• Tavella-Randall non-uniform grid MTRλ,K on the interval [s
−, s+]
sn = s
∗ + λ sinh
(
c1
(
1−
n
N
)
+ c2
n
N
)
, where s− < s∗ < s+,
c1 = sinh
−1
(
s− − s∗
λ
)
, c2 = sinh
−1
(
s+ − s∗
λ
)
.
The parameter λ determines the uniformity of the grid.
• Quadratic non-uniform grid MQ on the interval [s−, s+]
sn = s
− +
( n
N
)2 (
s+ − s−
)
, hn =
(
2n+ 1
N2
)(
s+ − s−
)
.
The Tavella-Randal and the quadratic meshes on the interval [0, S] are defined with the functions
ϕQ(x) = Sx
2, ϕλ,K(x) = K + λ sinh (cx+ c1) ,
where
c = sinh−1
(
S −K
λ
)
+ sinh−1
(
K
λ
)
, c1 = − sinh
−1
(
K
λ
)
.
Figure 1. Graphs of the Tavella-Randall grid MT R4 and the quadratic grid M
Q on the interval [0, 40] with K = 20
and N = 15 .
The hyperbolic sine function is an odd increasing function with bounded first and second derivatives
on the interval [0, S]. The inverse hyperbolic sine function is expressed with the natural logarithm function
sinh−1 x = ln
(
x+
√
x2 + 1
)
.
The function ϕλ,K(x) is equal to K when x = −c1/c and ϕ
′
λ,K(−c1/c) = λc. The length of the smallest
interval of the Tavella-Randall mesh is approximately λch = λh
(
sinh−1
(
S−K
λ
)
+ sinh−1
(
K
λ
))
,
λch = λh

ln

S −K
λ
+
√
1 +
(
S −K
λ
)2+ ln

K
λ
+
√
1 +
(
K
λ
)2

 .
From the binomial and Taylor expansion formulas for (1 + y)1/2 and ln(1 + y) we have
• When λ is large
λch ≈ λh
(
ln
(
1 +
S −K
λ
)
+ ln
(
1 +
K
λ
))
≈ λh
(
S −K
λ
+
K
λ
)
= Sh.
• When λ is small
λch ≈ λh
(
ln
2(S −K)
λ
+ ln
2K
λ
)
≈ λh (4K(S −K)− 2 lnλ) .
The function −λ ln λ → 0 when λ → 0. When λ is large the Tavella-Randall mesh is almost uniform and
when λ is small the mesh is highly non-uniform.
Fourth-order compact approximation
The central difference approximation for the second derivative has a second order accuracy on a uniform
mesh. From the Taylor’s expansion formula we can determine a second order accurate approximation [6]
for the second derivative on a three-point stencil of a non-uniform mesh which satisfies the conditions of
Lemma 1. Now we determine a compact approximation for the second derivative on a non-uniform mesh in
the following form
dnf
′′
n−1 + f
′′
n + enf
′′
n+1 = anfn−1 + bnfn + cnfn+1 + En. (5)
From Taylor expansion at the point sn, and setting the coefficients of fn, f
′
n, f
′′
n , f
′′′
n and f
(4)
n equal to zero
we obtain a system of equations for the coefficients an, bn, cn, dn, en,

an + bn + cn = 0, cnhn − anhn−1 = 0,
anh
2
n−1 + cnh
2
n
2
− dn − en − 1 = 0,
cnh
3
n − anh
3
n−1
6
+ dnhn−1 − enhn = 0
anh
4
n−1 + cnh
4
n
24
−
dnh
2
n−1 + enh
2
n
2
= 0.
Let Dn = h
2
n−1 + 3hn−1hn + h
2
n. The system of equations has the solution
an =
12hn
(hn−1 + hn)Dn
, bn = −
12
Dn
, cn =
12hn−1
(hn−1 + hn)Dn
,
dn =
hn
(
h2n−1 + hnhn−1 − h
2
n
)
(hn−1 + hn)Dn
, en =
h
(
h2n−1 + 3hn + 3hnhn−1 + h
2
n
)
(hn−1 + hn)Dn
.
In the next lemma we show that approximation (5) has a fourth-order accuracy on the class of non-uniform
meshes determined by the functions ϕ ∈ C2[0, 1].
Lemma 1. Let ϕ be an increasing differentiable function on the interval [0, 1], with bounded first and second
derivatives. Then the compact approximation (5) has fourth order accuracy on the non-uniform mesh Mϕ.
Proof. From Taylor’s formula the error En of approximation (5) is given by
En =
(
1
6
(
dnh
3
n−1 − enh
3
n
)
+
1
120
(
cnh
5
n − anh
5
n−1
))
f (5)n .
Then
|En| =
∣∣∣∣∣hn−1hn (hn−1 − hn)
(
2h2n−1 + 5hn−1hn + h
2
n
)
h2n−1 + 3hn−1hn + h
2
n
f
(5)
n
30
∣∣∣∣∣ < hn−1hn |hn−1 − hn|
∣∣∣f (5)n ∣∣∣
15
,
|En| < (sn − sn−1) (sn+1 − sn) |sn+1 − 2sn + sn−1|
∣∣∣f (5)n ∣∣∣ /15,
|En| < (ϕ (xn)− ϕ (xn−1)) (ϕ (xn+1)− ϕ (xn)) |ϕ (xn+1)− 2ϕ (xn) + ϕ (xn−1)|
∣∣∣f (5)n ∣∣∣ /15.
By the mean-value theorem there exist yn ∈ (sn−1, sn), zn ∈ (sn, sn+1) and wn ∈ (sn−1, sn+1) such that
|En| < ϕ
′ (yn)ϕ
′ (zn) |ϕ
′′ (wn)|
∣∣∣f (5)n ∣∣∣
15
h4 <
1
15
(
max
x∈[0,1]
ϕ′(x)
)2(
max
x∈[0,1]
|ϕ′′(x)|
)(
max
x∈[0,1]
∣∣∣f (5)(x)∣∣∣)h4.
The Tavella-Randall and the quadratic meshes are determined by the functions ϕQ(x) = Sx
2 and
ϕλ,K(x) = K + λ sinh (cx+ c1). The two functions satisfy the requirements of Lemma 1. Therefore com-
pact approximation (5) has a fourth-order accuracy on the Tavella-Randall and the quadratic meshes. The
requirements of Lemma 1 for the function ϕ are sufficiently general and include most of the non-uniform
meshes used for numerical solution of differential equations.
Compact finite-difference scheme for the time-fractional Black-Scholes equation
In section 1 we outlined the main steps in the derivation of the fractional model for option prices (4). A
detailed discussion of the model is given in [13]. The time-fractional Black-Scholes equation for European
option prices is a special case of (4) with Af = df = 1.
∂αV
∂tα
+
1
2
σ2s2
∂2V
∂s2
+ (r − d)s
∂V
∂s
− rV = 0, (6)
In this section we determine a compact difference approximation for the TFBS equation for European options
with payoff (final condition) V (s, T ) = V ⋆(s) = max{K−s, 0}, whereK is the striking price. Additionally we
prescribe Dirichlet boundary conditions V (0, t) = K,V (S, t) = 0 on the bounded domain Ω = [0, S]× [0, T ],
where 0 < K < S. For convenience of the numerical construction, first we transform (6) into an equivalent
standard form satisfying homogeneous Dirichlet boundary conditions. Substitute
t := T − t, W (s, t) := V (s, t) +
K
S
(s− S) .
The function W is a solution of the TFBS equation

∂αW
∂tα
=
σ2
2
s2
∂2W
∂s2
+ (r − d)s
∂W
∂s
− rW −
dK
S
s+ rK,
W (0, t) =W (S, t) = 0, W (s, 0) =W ∗(s) = max{K − s, 0}+
K
S
(s− S).
In order to apply compact approximation (5), it is convenient to eliminate the convection term by substituting
U(s, t) = sqW (s, t), where q =
r − d
σ2
.
The function U(S, t) is a solution of the TFBSD equation

∂αU
∂tα
= As2
∂2U
∂s2
+BU + F (s, t),
U(0, t) = U(s, t) = 0, U(s, 0) = U∗(s) = sq
(
max{K − s, 0}+
K
S
(s− S)
)
,
(7)
where
A =
σ2
2
, B = −
1
2
(
r + d+ q2σ2
)
, F (s, t) = −sq
(
dK
S
s− rK
)
. (8)
In the next section we construct a compact finite-difference scheme for the TFBSD equation using the
fourth-order compact approximation (5) on a three-point stencil of the Tavella-Randal and the quadratic
non-uniform meshes and the L1-approximation for the Caputo fractional derivative defined as [10]
∂αUmn
∂tα
=
1
Γ(2− α)τα
m∑
k=0
σ
(α)
k U
m−k
n + E
m
n ,
where
σ
(α)
0 = 1, σ
(α)
k = (k − 1)
1−α − 2k1−α + (k + 1)1−α, σ(α)m = (m− 1)
1−α −m1−α.
The L1-approximation has accuracy O
(
τ2−α
)
when U(s, t) is a twice continuously differentiable function
[8, 10]. From the properties of the Caputo derivative, the TFBSD equation has a natural singularity at t = 0.
The existence of a partial derivative of order α, where 0 < α < 1 does not guarantee that the integer-order
partial derivatives of the function are continuous and bounded on the interval [0, 1]. An important approach
for analytical and numerical solution of linear and non-linear fractional differential equations is to use
fractional power series. In [3] we construct finite-difference schemes for the fractional sub-diffusion equation
using the L1 and the modified L1-approximations for the Caputo derivative. In all numerical experiments
the difference approximations have first order accuracy in the time direction. The same pattern is observed
in the numerical solution of the TFBSD equation. The numerical test examples in Table 1 and Table 2
confirm that compact difference approximation (9) for the TFBSD equation has accuracy O
(
h4 + τ
)
.
Compact difference approximation
The form of the TFBSD equation is suitable for using the fourth-order compact approximation (5) on a
non-uniform grid. Now we construct a three-point compact finite-difference scheme for the TFBSD on the
non-uniform grid Gϕ of the rectangle [0, S]× [0, T ] defines as
Gϕ = {(sn, tm) |n = 0, 1, · · · , N ;m = 0, 1, · · · ,M} ,
where the points sn belong to a non-uniform mesh Mϕ of the interval [0, S] and tm = mτ , where τ = T/M
andM is a positive integer. The finite-difference scheme uses the L1-approximation for the Caputo derivative
and compact approximation (5) for the second derivative. In the next section we compute the numerical
solution of the TFBSD equation on the Tavella-Randall and the quadratic non-uniform grids. By multiplying
the TFBSD equation by 1/s2 we obtain
1
s2
∂αU
∂tα
= A
∂2U
∂s2
+
B
s2
U +H(s, t), where H(s, t) =
F (s, t)
s2
.
The function U satisfies the following equations on a three-point stencil of the non-uniform grid Gϕ,
dn
s2n−1
∂αUmn−1
∂tα
= Adn
∂2Umn−1
∂s2
+
Bdn
s2n−1
Umn−1 + dnH
m
n−1,
1
s2n
∂αUmn
∂tα
= A
∂2Umn
∂s2
+
B
s2n
Umn +H
m
n ,
en
s2n+1
∂αUmn+1
∂tα
= Aen
∂2Umn+1
∂s2
+
Ben
s2n+1
Umn+1 + enH
m
n+1.
By adding the equations we obtain
Cmn = A
(
dn
∂2Umn−1
∂s2
+
∂2Umn
∂s2
+ en
∂2Umn+1
∂s2
)
+B
(
dn
s2n−1
Umn−1 +
1
s2n
Umn +
en
s2n+1
Umn+1
)
+Hmn ,
where
Cmn =
dn
s2n−1
∂αUmn−1
∂tα
+
1
s2n
∂αUmn
∂tα
+
en
s2n+1
∂αUmn+1
∂tα
, Hmn = dnH
m
n−1 +H
m
n + enH
m
n+1.
From compact approximation (5)
Cmn =
(
Aan +
Bdn
s2n−1
)
Umn−1 +
(
Abn +
B
s2n
)
Umn +
(
Acn +
Ben
s2n+1
)
Umn+1 +H
m
n +O
(
h4
)
.
By approximating the fractional derivative using the L1-approximation we obtain the systems of linear
equations for the numerical solution of the TFBSD equation
QUm = Rm. (9)
where Q = (qi,j) is a tridiagonal (N − 1)× (N − 1) matrix with elements
qn,n−1 =
dn
s2n−1
− Γ(2− α)τα
(
Aan +
Bdn
s2n−1
)
, qn,n =
1
s2i
− Γ(2− α)τα
(
Abn +
B
s2n
)
,
qn,n+1 =
en
s2n+1
− Γ(2 − α)τα
(
Acn +
Ben
s2n+1
)
.
The right-hand side Rm = (rmn ) of (9) is an (N − 1)-dimensional vector with elements
rmn = Γ(2− α)τ
α (dnH(sn−1, tm) +H(sn, tm) + enH(sn+1, tm))
−
dn
s2n−1
m∑
k=1
σ
(α)
k U
m−k
n−1 −
1
s2n
m∑
k=1
σ
(α)
k U
m−k
n −
en
s2n+1
m∑
k=1
σ
(α)
k U
m−k
n+1 .
Numerical experiments
In he beginning of this section we showed that the TFBS equation for European option prices transforms
to the TFBSD equation, where the coefficients A and B and the function U(s, 0) = U∗(s) are given by (8).
{
∂αU
∂tα
= As2
∂2U
∂s2
+BU + F (s, t),
U(0, t) = U(s, t) = 0, U(s, 0) = U∗(s).
The TFBSD equation has a differentiable solution U(s, t) =
(
1 + 2t+ 3t2
)
sin(pis) when
F (s, t) =
(
2t1−α
Γ(2− α)
+
6t2−α
Γ(3 − α)
)
sin(pis) +
(
Api2s2 −B
)
sin(pis)
(
1 + 2t+ 3t2
)
,
and
U(0, t) = U(1, t) = 0, U∗(s) = sin(pis).
In the second columns of Table 1 and Table 2 we compute the orders of compact difference approximation (9)
with the above function F (s, t) and initial and boundary conditions on the quadratic and Tavella-Randall
non-uniform grids for α = 0.75 and α = 0.9 and A = 1, B = 2 when S = 1. The orders of numerical solution
(9) of the TFBSD equation in the time and space directions when σ = 0.1, r = 0.08, d = 0.025 are given in
the third columns of Table 1 and Table 2. The orders are computed by fixing one of the numbers M = 50
and N = 50 and computing the order of the numerical solution by doubling the value of the other number.
In Figure 2 we compute the numerical solutions of the TFBS equation for European put options from the
numerical solution of the TFBSD equation and the inverse transformations discussed in this section.
Table 1. Time and space orders of compact difference approximation (9) for the TFBSD equation on
the quadratic non-uniform grid GQ and α = 0.75.
M(N = 50) τ −Order τ −Order
100 1.23372 1.08047
200 1.23764 1.06480
400 1.24169 1.05343
800 1.24532 1.04482
1600 1.24856 1.03796
N(M = 50) h− Order h−Order
100 4.01927 3.95788
200 4.00327 3.98584
400 4.00073 3.99621
800 4.00017 3.99904
1600 3.96748 3.99952
Table 2. Time and space orders of compact difference approximation (9) for the TFBSD equation on
the Tavella-Randall non-uniform grid GT R6 and α = 0.9.
M(N = 50) τ −Order τ −Order
100 1.11894 1.03640
200 1.10714 1.03668
400 1.10250 1.04803
800 1.10073 1.04516
1600 1.10016 1.03958
N(M = 50) h− Order h−Order
100 4.02583 3.97396
200 4.00461 3.98621
400 4.00085 3.99502
800 4.00027 3.99917
1600 4.00003 3.99972
When the TFBSD equation has a differentiable solution, the L1-approximation for the Caputo derivative
has accuracy O
(
τ2−α
)
. We can expect that for most functions F (s, t) and initial condition U(s, 0) = U∗(s)
the partial derivative Ut(s, t) is unbounded at t = 0. This singularity of the TFBSD equation leads to a lower
accuracy of the numerical solution in the time direction. The results of the numerical experiments presented
in Table 1 and Table 2 are consistent with the expected fourth-order accuracy in the space direction and
first-order accuracy in the time direction of difference approximation (9) for the TFBSD equation.
Figure 2. Numerical solutions of the TFBS equation for European put options on the quadratic grid GQ with
α = 0.75 and the Tavella-Randall grid GT R6 with α = 0.9 when S = 100, K = 50 and N = 50.
Conclusions
In the present paper we constructed a compact difference approximation (9) for the TFBSD equation on a
non-uniform spacial grid which has a fourth-order accuracy in space. While the accuracy of the numerical
solution is dominated by the accuracy in the time direction, difference approximation (9) results in a signif-
icant improvement in the computational time, since we use a much smaller number of subintervals in space.
We discussed the numerical solution of the fractional model for European option prices when Af = df = 1.
An important question for future work is to develop methods for numerical solution of the TFBS equation
for other values of the parameters Af and df and accuracy in the time direction greater than O(τ). In a
forthcoming paper the convergence of the proposed method will be studied theoretically. Numerical solution
of a new fractional nonlinear problem, corresponding to the integer Black-Scholes model, see e.g.[9, 11, 12]
will be remained for our future consideration.
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